MARKOVIAN DYNAMICS OF ULTRA-HIGH Q QUANTUM CAVITIES
JASON BYRD

Abstract.  We derive the Markovian master equation and the Jaynes-Cumrings (JC)
Hamiltonian for the ultra-high Q quantum optical cavity. It is shown that there is a correla-
tion between the JC interaction model and the Markovian Lindblad master equation through
the Liouville-von Neumann equation on the W algebra. First, the Jaynes-Cummings in-
teraction potential is shown to arise from the coupling between quantized electromagnetic
modes and the dipole moment of a simple quantum rigid rotor. Wing this JC interaction
potential, the two state JC Model Hamiltonian is derived. Al so, using quantum stochastics
and a rst order Markovian approximation, the Quantum Lange vin equation is derived from
the Heisenberg equations of motion. The formalism of Complely Positive (CP) Quantum
Semigroups is de ned on theW algebra, and the origin of the Lindblad form of Markovian
master equations is shown. This is done by the creation of a copletely dissipative (CD)
operator and by corollary it is shown that the Quantum Semigroup is CP i the CD operator
is of the Lindblad form. Using the Liouville-von Neumann equation on the W algebra, a
Markovian master equation is derived. It is shown that if the interaction potential is in the
form of the JC interaction potential, then this Markovian ma ster equation reduces to the
Lindblad form. Finally, by a series of examples the ultra-high Q quantum cavity master
equation is derived.

1. Introduction

The quantum optical cavity forms a very robust and rich syste in which to study
guantum e ects at very easily measurable scales. Even witlow Q cavities and strong
bath interactions, it is possible to obtain nonclassical b&vior in the cavity. With modern
developments in cavity construction (examples of such areugntum dots (1) and Bose-
Einstein condensates in lattices (2)), previously unattaiable cavity levels are now open to
experimentation. Direct applications of these new develagents in cavity construction can
be seen in the use of ultra-high Q micromasers, which startedaking an appearance in
the early 90's (3). These micromasers use low density beanfsRydberg atoms injected
in such a way such that only one atom is inside the cavity at anynoment. This gives
rise to the increased in uence of quantum uctuations insié the cavity. Since the resonant
frequencies of Rydberg atoms are in the microwave region, amtial problem would be
photon detection in the cavity. However it is possible to usthe Rydberg atom beam as the
probe pulse as well. By measuring the nal states of the atona exit, it is possible to obtain
indirect information about the cavity. In this setting, tests of Quantum Electrodynamics, and
Quantum Measurement theory can be conducte. Because of thaanglement of the atom
and eld, it is also possible to conduct quantum informationand computation experiments.

While the variety of applications of the single atom cavity esonator are numerous and
varied, the models that describe the system are well de nednd have analytic solutions.
This can be demonstrated by the simplicity of the Jaynes-Cumings model (JCM) (4) (de-
veloped by Jaynes and Cummings to show Rabbi ops in di erengystems), which accurately
describes (to a rst order perturbative limit) the modern micromaser, but is just a twostate
Hamiltonian with a Markovian interaction potential. Because the JCM is Markovian and
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limited to a twostate atom- eld, it is possible to obtain andytic solutions to the JCM. It is
of note that these solutions show a completely reversible Blai state opping (see (5) for
an analysis of the Rabbi ops and reversibility). Couple thé fact with the nature of the
perfect or ultra-high Q cavity and one can see the attractiveess of the model. We derive
the JC interaction potential using quantized electromagre modes inside the cavity and
the corresponding interaction with a strong dipole rigid rtor. The JCM directly follows
from this derivation, providing both the multi-photon and twostate models.

The JCM works very well in the perfect or ultra-high Q cavities, but it falls short when
the system needs to interact with the outside world. This is écause it becomes di cult
to create cavities with a low enough coupling to the laboratyg heat bath. Recently this
low level of coupling has become accessible in the form of lemperature cavities. It is
possible to use a perturbative approach to the problem (se6)j. However, there is a point
when the cavity interacts strongly enough with the out side wrld that perturbative analysis
fails. At this point it is necessary to either use a Quantum Sichastic Langevin equation or
the Liouville-von Neumann (as seen in section 6) master ediem. There are advantages in
using either method. Some of these advantages are discussethe following sections.

Quantum Stochastics was o ered as an alternate to the usuabmmutator derivation for
the dynamics of Quantum cavities. Using a stationary quantm white noise as the heat bath
input, and a rst order Markov approximation, it is possible to use the Heisenberg equations
of motion for an arbitrary system operator. Also, if an apprpriate Wiener process is chosen,
one can back derive the Ito calculus rules using the Heisembpesquation previously derived.
It can be shown that it is possible to couple the Ito calculus ith the trace representation
of the expectation value to derive the high Q master equatiorHowever we only pursue the
stochastic model in a brief investigation of the Heisenbergguations.

The theory of Completely Positive Quantum Semigroups holdsany insights into quan-
tum information theory. Early work by Lindblad goes into entopy inequalities, and moves
into Markovian dynamics through generating operators on aampletely dissipative map
(which we take to be aW algebra). Through the theory of completely positive semigups,
with the relations of completely dissipative maps, an arbrary Markovian master equation
can be de ned. It has been further shown that this Markovian raster equation is even well
de ned on aC algebra. From the interaction picture, and the Liouville-wn Neumann equa-
tion, Markovian and non-Markovian master equations can beatived. The method relies on
aW algebra and the class of trace Banach operators to provideeztive models. It is shown
that under the assumption that the interaction potential (between the bath and system) is
of a similar form as the JC interaction model, then it is posbie to see that an arbitrary
Markovian master equation through the Liouville-von Neuman equation is equivalent to
the Lindblad form. Finally, it is shown that with an appropriate interaction potential, the
Liouville-von Neumann equation reduces to the quantum optal cavity master equation.

2. Formalism

For convenience, most of the mathematical de nitions will B made here. To start, let
H be a separable Hilbert space, anB(H) the W algebra of all bounded operators ok .
Also let T(H) be the class of trace operators, such thak(H) is a Banach space with trace
norm:
k kp=Tr();
where is a member of the class of density matrices dth such that 2 T(H). On T(H),
the trace is de ned as:
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De nition 1. Let A 2 B(H) be a boundedW operator and let there exist an orthonormal

Tr(A) = ;hjAjii with the relations

(21a) Tr( Ar+ Az = Tr (Ap+ Tr (Ay);
(2.1b) Tr(A1A2) = Tr(AzAy);
(2.1c) Tr(A) = * eig(A);
(2.1d) Tr(A )= Tr(A):
Then, the class of density matrices are de ned as:

De nition 2. Let H 2 B(H) be the interaction Hamiltonian for an arbitrary system and
let A2 B(H) be a boundedW operator, then the density matrix 2 T(H) is de ned as

X
(2.2a) = piJjihjj; p is the probability of state j;
j
X
(2.2b) p > G; pp=1) 2CP(H); k ky =1;
i
(2.2¢c) Tr( A)= PAi8BA 2 B(H);

— o . 1
(2.2d) and is given by the Liouville-von Neumann equation: = i_~[H; I

De nition 3.  Assume a boson Fock space H) such that jni are boson states for a given
I 2 R representing the frequency of the photon space. Then it folks that the boson

creation and annihilation operators%; %2 B(H) and %;%:! ! B(H) operate on the Fock

space as

(2.3a) %! Yni=@ (! !'9Yjn 1
(2.3b) %(! Yjni=@ (! !9jn+1i
(2.3c) %(1 9% Yni=@@ * (! !'Qni=n (¢ 19jni
(2.3d) %! 9%(! 9jni = @@ (¢! !'%ni=(n+1) (¢ ! 9Yjni
wheren = 1=(exp(~!=kT ) 1), and %; %follow the commutator algebra:
(2.4a) [o6! ); %' 9= (¢ !9
(2.4b) [ ); %! 91 =[%(" ); % 9 =0:
3. The Jaynes-Cummings Model

Here we derive the simple Jaynes-Cummings interaction Haltainian (4) from the per-
spective of a quantum rigid rotor. This approach uses simpleechniques to derive the
standard twostate Hamiltonian from rst principles without a priori knowledge of its form.

Starting with a quantum rigid rotor, with a dipole term D 2 R?® in a cavity with electric

eld modes E 2 R® whereE : ! | R3; the Hamiltonian of the rigid rotor and cavity with
the electromagnetic interaction term can be written down as

2 z
(3.1) H= %L2+ ~ d! f~(!)aa+ hD;Ei(!)g:

Where a&’;a are the boson creation and annihilation operators given by énition 3. We
can expand the eld modes in terms of the creation and annilgtion operators ask =
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Eo(@¥+ a);Ep2 R®andEy: ! | R® which gives
2 V4
H= _——L%+~ d ~(!)a@a+V:
o (!)aa

Where V is the interaction potential

(3.2) V()= ~ d hD;Ei(a + a)

Theorem 1. With a basis ofjlmni = jImi j ni, wherejimi;jni 2 H are the spherical
harmonics and the Fock spacd HZ) respectively, equation 3.2 becomes

(3.3a) V()= ~ d' kDkkEek(a’+ a)(B, + B, ):

Then under the rotating wave approximation the multi-photnJaynes Cummings interaction
potential becomes «

(3.3b) V=~ g(&B +aB/)

whereB, are the orbital angular momentum ladder operators

Proof. Expand the inner product in V(! ) (note that cos() = P? /j 1;0i) and recall the
Wigner-Eckhart Theorem

H%hgv (! jimni

VA
H9%9~ d! fk DKKE(! YkgPljimni
Z
HMmY10jmihih%~ d! fk DKKE(! )kgjlni:

Thus by the triangle Theorem for angular momentum we obtainhe transition rules for the
interaction potential to be jj® jj = 1;0. Ignoring any zero transition contributions, we
can rewrite the interaction potential in terms of the orbitd momentum ladder operators
B, 2B(H)\ A, , whereA, is a nonlinear Lie algebra (7; 8; 9; 10). Substituting the laier
operators for theP term, and gathering the constants into a single coupling cstant, we
get z

V()= ~ d' kDkkEok(a’+ a)(B, + B, ):

If we apply the rotating wave approximation (seen in (11)) tlen:
(@+a)(B, +B;)! (&B, +aB/):
Let 2kDkkEgk = g(! ) and note transitions of the rigid rotor form quantized enegy states
(Ej =]( +1)). Thus interaction pote;\(ntial becomes
V=~ g(&B +aB):

Carrying the quantized energy states in the cavity throughhe rest of the Hamiltonian,
we arrive at the multi-photon Jaynes-Cummings model
2

~ X
34 H= L%+  f~ da+-g@B, +aB)g
i
It is a simple matter to extend the rotating wave approximaton through the rest of the
Hamiltonian, by replacing ~°L2=2m with ~! ,=2. Where ,=2 is the Pauliz spin matrix
and the energy of the transition is! . Also simplify by replacing B, ;B,” with and .
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respectively, resulting with
(3.5) H=~ ,+~ @a+~g@ +a.);
which is the classic twostate Jaynes-Cummings model.

Remark 1. Equation 3.5 was derived using a simple rigid rotor with a xd dipole moment.
However, the result is a completely general equation that &pplicable to any twostate system
that has either a permanent or induced dipole moment. It is ab useful to note that the
boson operators are not constrained to being members of thavity operator space. It will

be shown that this kind of interaction holds for non-cavity perators as well.

The analysis of equation 3.5, while simple, is not the focug this paper. It is notable
that the eigenfunctions of equation 3.5 show Rabbi oppingand predict reversible states.
In modern micromaser experiments, this is indeed the caseftén it is only necessary to do
a perturbative analysis of the expectation values to achievaccurate results for very high
Q systems. For a detailed analysis of the Jaynes-Cummingdgmmns, see Dutra (11) and
Meystre (12). The solutions are also discussed in a more aigpl context in Shore and Knight
(5) and Meystre and Sargent (3).

4. Quantum Stochastic Langevin Equation for Cavity-Heat Bath systems

The use of a Langevin equation is one of the simplest ways tocinde bath-system
dynamics. It has the bene t of easily showing dynamical chacteristics of the system, and
lends itself to linear systems easily. The Langevin apprdadas the disadvantage of most
Heisenberg systems, in that one can only examine the evotuti of operators, and not the
states directly.

Assume that the HamiltonianH 2 B(H) can be written asH = Hgys + Hp + Hin;
Hsys; Ho, Hine 2 B(H) where the system Hamiltonian is left unde ned, and the bath&
interaction Hamiltonians are de ned as .

(4.1) Hp= ~ ) dr o1t (9t 9

Z

(4.2) Hine = i~ 11 dro (% ot Y:

Herecis a bounded system operator such that2 B(H), b’(! ); (! ) are the boson creation
and annihilation operators given in De nition 3 and (!) is the cavity coupling constant.
With the addition that we also take [b(! );c] =[b'(! 9;c] = 0.

Then the Heisenberg equations of motion fob(! ) and a (another arbitrary system
operator,a2 B(H)) are

(4.3) B1)=  L[BI)HI=  L[E0)iHy+ Hin]

[ [
(4.4) a= :[a; H]= :[a; Hsys + Hint I:
Before these can be solved, several commutators must be veatlout.

Theorem 2. Assuming De nition 3 applies, then the following equationdids

(.5) Ll ) Hel = b (1 ):

o=, i y)=2 are the non-hermitian spin ip matrices
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Proof. It can be seen, that
z

(456) T K= dOrTROB0 9 9 B0 980 96 )g
Then operating on quuation 4.6 withm§ & jni we get

MY dn O TR B b Y B 9B 9B Yaini =
Z

m9Y 11 dor¥@n (n 1@g (! !'9n 1i=my@jn 1= mYb()jni:

Theorem 3. Assume De nition 3, then the equation

(4.7) LyiHl= (e
holds.

Proof. As before, operating on equation 4.7 witimy & jni and taking b(! ) through the
integral we get

z
émojF 11 dr o (19fa( )19 (! (B 9 Ih(t (! )gini =
z
11 d'% (19thni@"* @cni h Y@@ tjin 2
mi@ '@dgni + Mid@@ 'in 2ig (¢ !9=
(1))fhn9(n + 1) ¢gni h nYncinig = (! )c:

Using Theorems 2 and 3 we can easily solve the Heisenberg ¢guafor (! )

(48) b= ib()+ ()c) Ki)=e'C Wh)+ de O (1)o):

to
If we make the rst Markov approximation (13)
q_—
()= =2

then equation 4.4 becomes
. z

a= I:[a(t); Hsys] + 11 d! © ([at); (! et [a(td; (9 9))
Z,

= i:[a(t);Hsys]+ | PO 9a)ia)]  [at); oIt 9):

Substituting in equation 4.8, we get
(4.9) _ 7,
a= }_[a(t): Hysl+ d! °f (& ¢ OR()at); ot [at); (e " ¢ k(! )

Z

A A OO o) + [a); tYe ' ¢ Ie(t)g
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De ne a bath input eld
z
1 1 .
(4.10) bn (1) = 19? . di%e "t Ipy(r)
and r?ake use of the identities .

1 . t
di%e "t =2 (t t9; andbyc2 B(H)) di®c(t9 (&t t9Y= ct)=2
1 to

so that equation 4.9 becomes

a= i:[a(t);Hsys]+ID_(an(t)[a(t);C(t)] [a(t); o(t)]kn (1)+
SfeOla);ct)] - [at); c'(le(t)g

or, collecting terms

(411 a=  Za); Hesl f [80; OG0+ P Bu(®) 500+ B O)a); vl

Equation 4.11 is a common form for the Quantum Langevin equan for a high Q, low bath
coupling system. The derivation shown is a detailed accouof the one seen in Gardiner and
Collet (13). the analysis of equation 4.11 can also be found Gardiner and Collet (13).

5. Quantum Dynamical Semigroups

It is possible to completely de ne a Quantum Markovian masteequation using the
theory of completely dissipative generators on a CP QuanturSemigroup. This is done in
the following discussion by using the mathematical constai developed by Lindblad (14),
then completed by showing that the equation 6.8a satis es #hLindblad form.

A Quantum Semigroup is de ned as

De nition 4  (Ingarden & Kossakowski semigroup axioms (14))Let A be a boundedW -
algebra. A dynamic semigroup is a one parameter Hamiltonian; so that  : A ! A

while being norm continuous. Also there is a bounded map : A ! A such that:
t 2 CP(A), (1)=1,
s t= s+t limy ok ¢ k=0,
¢ IS ultra-weakly continuous wrt  : Al A, .= et
limy okL (¢ [1)=tk=0, L is ultra-weakly continuous wrtL : Al A.

We can further specify the nature of the Quantum Semigroup bgalling the corollary

Theorem 4 (Lindblad (14) Corollary 1). For A 2 B(H), L is a bounded -mapL : A! A,
= € and {2 CP(A)i L 2 CD(A). Then . is a norm continuous dynamical
semigroup onA such that ;:A! Al (= el

With the Quantum Semigroup thus de ned, then the form of a comletely dissipative
generator in a CP Quantum semigroup follows from the propdsin

Corollary 1 (Lindblad (14) Proposition 5-6). If A is a hyper nite factor of the separable
Hilbert spaceH, andL 2 CD(A), then thereisa 2 CP(A) and a s.aV 2 A such that for
all X 2 A

(5.1) L= ( X)= 5 (1 Xg+ VX
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By the proceeding Corollary, the Shmdinger picture Markeian Generator (or master
equation) is

Corollary 2 (Lindblad (14) Theorem 2.) L 2 CD(H) i it is of the form
: 1X
(5.2) L(C)= i[Vv; 1+ > (Y ;ij]+[Vj; ij]);

which is the Lindblad form for the master equation, WheM;P ij\/,- 2 B(H); Vsa 2
B(H).

It is of interest that this form of the master equation was rd proposed for an N
level atom by Davies (15) and independently of Lindblad by Gmi et al (16) for a nite-
dimensional Hilbert space.

Remark 2. Following the aside made by Lindblad (14): LetA be a hyper nite factor of
the separable Hilbert spacéd. If L : A! A is a bounded ultra-weakly continuous -map
such that for all X 2 A there is a positive normal map : A! A and K 2 A such that
L(X)=( X)+ KX + XK 7Y: Then the most general form of the Markovian Generator is:

Theorem 5 (Lindblad (14) Theorem 3.) Let A be aC -algebra,L : A'! A a bounded
-map and put (= €. If L(X)= ( X)+ KX + XK Y whereK 2 A and 2 CP(A),
then (2 CP(A).

This Theorem is of interest mathematically, but holds veryittle bearing on physical
systems. Because of this, we will instead use Corollary 2 terie the master equation as
seen in the following section.

6. Liouville-von Neumann Markovian Master Equation

Using the interaction picture with a self adjoint Hamiltonian H 2 B(H) which can be
represented add = Hgys + V; Hgys;V 2 B(H), where Hgys is the collection of appropriate
system operators, andv : t ! H is the bath-system interaction potential, the Liouville-
von Neumann equation (17) gives the dynamics of the densityatrix by

@t _ 1
6.1 — = —[V; ()
(6.1) ot - iV O
Where 2 T(H) satis es De nition 2 and is the time dependent system densi matrix.
We integrate formally to get
z
1 t
© (o)== dav(); (@)
0

[
then iterate using the von Neumann series with a kernel &f g=[V; ]

1(t) = (to)
1%t
o) = = . dtV(t9; (to)]

Z, Z 0

5(t) = :12 e . dtov(t9); [V(t%Y; ()]

0

to arrive at the the closed form solution . .
1 t

Z, {0
62 ® (0= dVE (0] S d dVaiveEs: @

to
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Separate the system density matrix into a combined bath andystem matrix in the
form: (t) = (t) b(t), with 2 T(Hs); 2 T(Hyp) being the system and bath density
matrices respectively, and that ¢ and |, satisfy De nition 2. The dynamical equation for

(t) becomes
1%t
s(t)  o(t)  s(to)  b(to) = -, dtV(t9; s(to)  b(to)]
’ 12¢ Zy

S A AV VS (1) ot

0
Taking the trace over the bath operators
z

(O )= TRV lto)  ofto)

1Zt Z .0

= dt° tt dt®T rplV(t9): [V(t%9; ot o(t°]]

to

where we note thatTry( ¢ b) = sTrp( p)= s P
Assume that we can writeV in the general formV = ~ ; Q;F; where Q;; F; are the
system and bath interaction operators respectively. Thus
Zy X
(6.3) () s(to) = t dit’Tr,  [QitIFi(t); s(t))  blto)]
0 i
Zt OZ v 0 X 0 0 0 0
_de dTry QORI [Q () (1% () o0
0 0 ij
jéi
Theorem 6. Under the assumption of a stationary quantum white noise ime bath (see
Gautam and Gardiner (17; 13) for further application, and tk discussion in Gardiner,
Huang and Attal (13; 18; 19)), then under the relations

Fmi=0 20 = st
the rst integral in equation 6.3 is
t X

(6.4) : dtTry, | [Qi(tYFi(tY); s(to)  b(to)] =O:

Proof. Expand equation 6.4 by writing out the commutator and takingthe trace through
the system operators to get

(6.5) .
s()  s(to) = X_ CAEQITro(Fi(t) u(to)) s(to)  s(to)Q(EITTo( o(ta)Fi(t)g
i Zi
= dIQUIF()i o(t)  s(to)Qi(tIIFi(to)ig]
i ZO

t
t dt9Qi(t9); s(to)]HFi(to)i:
i 0
By the assumptions made in the Theorem, equation 6.5 must egjuzero.

2Here you can add in a system-bath correlation term, howeverri the appendix of Gautam (17) it is shown
that the correlation term is of higher order than what we have taken von Neumann series to.
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Thus our dynamical equation for 4(t) becomes
Z, Z 0

X
() s(t) = dt? dtTre QORI QIR (% St oto)]):
0 0 ii

jéi
Going from an integral equation to a di erential equation fo 4(t), expand the commutators
and apply equation 2.1b:

5= dt®  FQIMOQ () st Q1) s(t)IQi(tY HFi()F; (19
jlgi
Q) QM s(t)Q (YQIO)HF; (DR (V)ig:

Up to this point, we have followed the method of Gautam (17). Bwever, instead of
proceeding to obtain the non-Markovian master equation, weill make the Markov approx-
imation to recover the master equation shown by Meystret al(3; 12) Gardiner (13) and
used by Savage and Carmichael's groups (20; 21; 22), whichl Wien be generalized to show
that this is equivalent to the Lindblad form (14; 15; 16) of the quantum master equation on
a quantum dynamical semigroup.

Directly write the time dependence ofQ,( ) in the interaction picture as

(6.6) Qn( )= U()QuUY( )= &'os =7Que Mo =7 = Qe
and apply the Markov approximation s(t% = (t) 8t to get the master equation
Z t X i(! | .
5= AT QI o) Q s(DQ)E! IR (OF (1))
0 |,]
j6i

(Q sQ  s(OQGQE ™ 1IN (1YFi (t)ig

or

X

(6.7) = HQQ <) Q «MQ) § (Q QG Q) ig
i

where we have grouped the time dependent terms into the battelds
Z z

t —_—
= . d e'(!it+!jto)“:i(t)|:j (t9i; !j = i d el(!it+!jt0)H:j(t%Fi(t)i:

This can be further simpli ed if we make the change of variakist®! t and take
the secular approximation, which is reasonable in the wealgstem-bath coupling limit. The
master equation, equation 6.7, in the Shredinger picturerad the bath elds become:

X
(6.8a) 5= i[Hsys; s(t)] fFQIQ s(t) Q s(HQ) §j (Q sHQ s(H)QQ) j!ig
i6il
and
z z,

(6.80) (= de MRORE i h = de HE RO

Before it is possible to expand this formulation to a CP Quantm Semigroup, it is
necessary to further reduce the equations 6.8b. To do thisewvrite the bath operators in
the Shredinger picture, with the time dependence explicly written as in equation 6.6:

Fo( )= U()FaUY( )= Fpée " :
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Then equations 6.8b become
z

irj: tde“j hFie itFJ'eij(t )i:H:iFji tdei( it Dt i+ )
to o

:j = tde . erei it )Fiei iti:H:jFii td ei( it J')te i+ ) :
to o

Again, make the secular approximation, assumption that  to and that the bath is tuned

to the cavity, such that
(69) :] =H:iFji; !l- :H:J'Fii:

Proposition 1. Assuming a potential of similar form to the JCM, such that therelations
Qus+1 = QY Fox = F,; and the commutator identities:

[Qa; Q] =[Fa; Fj1 = ake1yj; [Qae1; Q] = [Fasrs Fj1 = 2k
hold. Then the interaction potential becomes

X
(6.10) V=~ QF+ QF«
k=0

Theorem 7. By Proposition 1, equation 6.8a becomes
. 1X
(6.11) Ls= 5= iHys s+ 5 flV (D VT+ [V s(HW]g
k=0

Proof. Proposition 1 simpli es equations 6.8a and 6.8b to:

s = i[Hsys; s(0)] ka(Qin () Q¢ s(HQ) & (A s(HQL (DA i+
(QUQ s()  Qu s(DQN) (AL s(DQ  s(HQAQY) &T:)

(6.12a)  i[Hsys; (V)] xkf(QiQk () 2Qu s(Qc+ s(HQUQW) i+
(QQL s()  2Q% s(DQ+ s(HQKQY) 1 :

(6.12b) and | = hFFli; | = hF)Fi
Let Fx = k@, whereg2 R; @ 2B(H); (9;@:! ! Rand i =2g? such that
6.13) V= 6RO g
and equation 6.12b becomes
(6.14) = Sh@di; = sh@ai
Finally, let Vy, = ! QK & Vg = ! ~ 1Q thenVy, = ! QL &VS, = LQ«

so that the master equation can be described as:

Ls=_s= i[Hsys; s(t)] + %X [V s(t);vky] +[ Vi s(t)ka]g
k=0

Theorem 8. Assuming that the system bath interaction potential can beaitten as

X
V==~ QR+ QUF
k=0
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whereQ; F are de ned asQ;F 2 B(H) and Q; F follow Proposition 1. Then by the De ni-
tions 2 Tr(H) and Hgs 2 B(H), equation 6.11 is a bounded map andL 2 CD(H).

Proof. L is a bounded map by De nition (L 2 B(H)), and is CD(H) by Corollary 2.
Corollary 3. The equation

615 Loz = ilHes sO1+ 3 M W1+ Vi s0W10
k=0

is the general (but not necessarily unique, see (23)) Markaa master equation for a system
such de ned in Section 2 and at the beginning of Section 6.

Proof. By Theorems 4 & 8 and Corollary 2.

Example 1. Let Q = !la; @q: bwherea & bare given by De nition 3 and =!= 2, then
V=-~lg@ar+abandVo= 2 (n+1)a; Vi = 2na’. Substitute this into equation 6.11
to get

(6.16) = i[Hss; s(t)]  fn(ad o(t) 227 s(ha+ s(t)ad)+
(n+1)(a'a s(t) 2asM)a’+ s(t)aa)g
Under the zero temperature limit, this reduces to

(6.17) s= i[Hgs s(t)]  f(@as(t) 2as)a+ s(t)a'a)g
Example 2. In Corollary to the previous example, the atom-bath int&ration with an in-
teraction potential (with ! ). V= P “( P+ Lb suchthatV,= (n+1) ;W=

N .. Then equation 6.11 becomes

(6.18) <= i[Hsys: s(1)] Efn( L s(t) 24 () + () )F
n+D( + s 2 ) ++ (1) + )9
which becomes, in the zero temperature limit,
(6.19) s=  [Hsys; s(1)] Ef( sty 20 () ++ S(t) 4 o
Remark 3. Add equations 6.17 and 6.19 to obtain

(6.20) 5= iHys (O 50+ s 2 5O ++ o) + )
(@a s(t) 2as(t)a’+ s(t)a'a)

which is the cavity-bath photon density equation derived usg Quantum Stochastics by
Meystre (3) and used by Savage and Carmichael's groups (2@; 21) in their early experi-
mental research.

7. Summary

The Jaynes-Cummings model for single and multiple photon siems has been developed
for ultra-high Q quantum cavities. It was shown that the JC irteraction potential is a member
of B(H)\ A, and is of the form

V=~g@ +a.):
It was also shown that this potential can be generalized to thform

X
V=~ (gQi@ + gQ«@);
k
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whereg 2 R and Q; @ 2B (H) and Proposition 1 applies.

A rst order Markovian Langevin equation was derived from Hesenberg's equations,
but it is seen that the the Heisenberg formulation is not iddafor this system. Using the
theory of Completely Positive Quantum Semigroups, the gera form for the Markovian
master equation was presented. Through the use of the Liollervon Neumann equation, a
Markovian master equation was derived. Assuming the intecéion potential to be equation
6.13, we showed that the Liouville-von Neumann master equah was also a Lindblad master
equation. Thus it was demonstrated that the Jaynes-Cummirggmodel and the Lindblad CD
generators are linked by the Liouville-von Neumann equatmoon the W algebra.

Finally, by choosing the interaction potential to correspad to a cavity-bath system, the
master equation used by Savage and Carmichael's groups (2Q; 21) is recoverable as shown
by examples 1 & 2 and remark 3. With equations 3.5 and 6.20, & possible to accurately
model the dynamics of quantum cavities. With micromaser apigations, the JCM can be
used to describe the dynamics while an atom is inside the cgyiand equation 6.17 is used
for periods with no atom in the cavity.

Acknowledgments

Thanks to my two advisors Dr. Krantz and Dr. Sahami for their sipport and time.
Also thanks to my o ce partner for providing feedback on thispaper..

References

[1] A. Kiraz, C. Reese, B. Gayral, L. Zhang, W. V. Schoenfeld. D. Geradot, P. M. Petro ,
E. L. Hu, and A. Imamalu, Cavity-quantum electrodynamics with quantum daqtsJ.
Opt. B: Quantum Semiclass. Opt.5 (2003), 129{137.

[2] C. P. Search, T. Miyakawa, and P. Meystre,Lattice array of molecular micromasers
Optics Express12 (2004), 30{41.

[3] P. Meystre, Theoretical developments in cavity quantum optics: a briefview, Physics
Reports 219.

[4] E. T. Jaynes and F. W. Cummings,Comparison of quantum and semiclassical radiation
theories with application to the beam masgproc. IEEE 51 (1963), 89.

[5] B. W. Shore and P. L. Knight, Topical review: The jaynes cummings modell. Mod.
Optics 40.

[6] M. Frasca, A modern review of the two-level approximatignArXiv:quant-ph/0209056.

[7] O. L. de Lange and R. E. Raabladder operators for orbital angular momentumAm.
J. Phys 54.

[8] Ill, Reply to \note on 'ladder operators for orbital angular momgtum™ , Am. J.
Phys 54.

9] IIl, Am. J. Phys 55.

[10] Z. ziang Ni, Nonlinear Lie algebra and ladder operators for orbital an¢gar momentum,
J. Phys. A: Math Gen. 32 (1999), 2217.

[11] S. M. Dutra, Cavity Quantum Electrodynamics Wiley Series in Lasers and Applications,
1 edition, Wiley Interscience, 2005.

[12] P. Meystre and M. S. lIl,Elements of Quantum OpticsSecond edition, Springer-Verlag,
1991.

[13] C. W. Gardiner and M. J. Collett, Input and output in damped quantum systems.,..
Phys. Rev. A 31.



14 JASON BYRD

[14] G. Lindblad, On the generators of quantum dynamic semi-groupsCommun. Math.
Phys. 48 (1976), 119{130.

[15] E. B. Davies, Markovian master equations Commun. Math. Phys. 39 (1974), 81{110.

[16] V. Gorini, A. Kossakowski, and E. C. G. Sudarshan,Completely positive dynamical
semigroups of n-level systemd. Math. Phys. 17 (1976), 821.

[17] G. Gangopadhyay and D. S. RayNon-markovian master equation for linear and non-
linear systems Phys. Rev. A 46 (, 1507{1515.

[18] Z. Huang, Quantum white noises, white noise approach to quantum staslic calculus
Nahoya Math J. 129 (1993), 23{42.

[19] S. Attal, Extensions of quantum stochastic calculusCourse in Quantum Probability
given at Grenoble.

[20] C. M. Savage and D. F. Walls)nhibition of tunneling in optical bistability by a squeezk
vacuum Phys. Rev. Lett. 57 (1986), 2164{67.

[21] C. M. Savage,The uorescence spectrum of an atom strongly coupled to a dgvdriven
by squeezed lightQuantum Opt. 2 (1990), 89{95.

[22] H. J. Charmichael, R. J. Brecha, M. G. Raizen, and H. J. Kible, Subnatural line width
averaging for coupled atomic and cavity-mode oscillatorsPhys. Rev. A 40 (1989),
5516{5519.

[23] H. Spohn,Kinetic equations from hamiltonian dynamics Rev. Mod. Phys. 52.

Department of Physics, Metropolitan State College of Denve r



